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An involution on the set of pairs of partitions of integers into distinct parts is given which 
proves an identity of Hecke-Rogers. A bijection shows equivalence with an identity of 
Andrews. 
1. Introduction 
Euler’s Pentagonal Number Theorem states that 
fi (1 _ 4j) = 1 + $I (_l)k(p3k-lW + p3k+lP)_ 
j=l 
(1) 
Franklin [4] gave a combinatorial proof of this theorem. The left hand side of (1) 
is the generating function for the set of all partitions of integers into distinct parts 
where each partition is given a signed weight. Franklin’s proof (see [l, p. lo]) 
consisted of defining a weight preserving sign reversing (WPSR) involution on 
this set such that the weight of the fixed point set is given by the right hand side 
of (1). 
Jacobi [5, p.2371 proved that 
(,fi (1 - 4’))3 = $0 (-l)k(2k + l)q? (2) 
The left hand side of (2) is the generating function for ordered triples of partitions 
of integers into distinct parts. A combinatorial proof of (2) was given in [6] by 
defining a WPSR involution on this set of triples such that the weight of the fixed 
point set is given by the right hand side of (2). 
Andrews [3] gave the identity 
(,G (1 - q’))2 = nzO (-l)“q’ql - q%+2) i: qk(n--k! (3) 
k=O 
while an identity of Hecke-Rogers [2, p. 421 states that 
(,C (1 - q’))2 = ,g, n>;m, (-I)n+mq(nZ+n-mZ+m)‘2. (4) 
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In this paper we first give a bijection which proves the equality of the right 
hand sides of (3) and (4). Then we give a WPSR involution which proves (4). 
In what follows, 99 denotes the set of all partitions of integers into distinct 
parts. For a partition A, let IlAll = the sum of parts of il and IA.1 = the number of 
parts in A.. The notation 99(-l) indicates that for A E 99, Weight(A) = 
(-1) 9 . I*’ twti The weight of a set of partitions is the sum of the weights of the 
partitions in the set; the weight of an n-tuple of partitions is the product of the 
weights of the partitions in the n-tuple. 
2. The bijection 
We begin with some notation. 
T, = (n, n - 1, . . . , 2, 1) where n 5 1, that is, T, is the triangular partition; 
To = the empty partition. 
Tn,j = (n, n - 1, . . . , rz -j + 1) where j < n, the trapezoidal partition with j 
parts; T,,, = Tn. 
( Tn,j, T,) = (n, n - 1, . . . , n -j + 1, m, m - 1, . . . , 1) where m s n -j. 
(T, - T,,j) = (n, . . . , m + 1, m -j, . . . , 1) where j G m % n, the triangular 
partition T, with the parts which belong to the trapezoidal partition T,,j deleted. 
Of particular interest are the trapezoidal partitions T2k--l,k and T2k,k for k 2 1. 
We call these the Franklin partitions since they are the fixed points of the 
Franklin involution used to prove the Euler Pentagonal Number Theorem. Note 
that 
Wt(T,_,,,) = (-l)kqk(3k-1)‘2, and Wt(T2& = (-l)kqk(3k+1)‘2. 
We now prove the equality of the right-hand sides of (3) and (4). Reversing the 
order of summation and eliminating negative indices in the right hand side of (4) 
gives 
n-o (_l)“q”‘:“[ 1 + z; (__l)-‘yq-Wk-W+ q-*(“*+‘Y2)]_ (5) 
Clearly, this is the generating function for the multi-set of partitions 
6 {T,}u{(T,--T,,-l,,), (T,-%c,k):l~k-d2). 
n=O 
We have a multi-set since ( T2,, - T,,,,) = T,; thus each triangular partition T,, 
for n > 0, appears twice. 
Rewrite the right hand side of (3) in the form 
nz50 kI5.o (-l)“[q (";')+k(n-k) _ q(":')+2(n+l)+k(n-k)] (6) 
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Consider the triangular partition T,. Suppose we let A be the partition obtained 
when we increase by k, each of the n - k largest parts of T,. Then i\. = 
(Tn++-k> T,) = (Tn+k - T,,,,), a triangular partition with a Franklin partition 
deleted. Moreover, 
W@) = (__l)Yt’)+k(n-k) 
which is the first term in (6). Note that for k = 0 and k = n, L = T,. As for the 
second term, we begin again with T,. First, we increase each part by 2 and adjoin 
a part of size 2. This gives us ( Tn+2 - T,). Next, we increase by k each of the 
n - k largest parts; let p be the resulting partition. Then, 
CL=(T n+k+Z,n-k> (Tk+z - T,) > and w+) = (_l)n+lq(“t’)+2(n+l)+k(n-k), 
the second term in (6). The proof of the equality of (5) and (6) will be complete if 
we give a weight preserving bijection between the set of partitions p obtained as 
above and the partitions of the form (T, - T2k_l,k) where 1 s k C n/2. Clearly, 
the mapping which sends p = (T,,+k++_k, ( Tk+2 - T,)) t0 Y = ( Tn+k+2 - 
T Zk+l,k+l ) is a bijection; we only need to show that it is weight preserving. We 
note that Tn+k+z,n-k = (Tn+k+z - Tz,+z) and Tzk+z - Tk+z = Gk+z,k; that is, the 
‘gap’ between Tn+k+Z,n_k and T k+z consists of the partition T2k+2,k. It follows that 
c1= (( Tn+k+z - Tzk+z,k) - T,) = (c+k+z - (Tzk+z,k, T,) >. Rut, if we decrease by 
1, each of the k parts of Tzk+z,k and adjoin a part of size k + 1, we get T.k+r,k+r; 
hence, Wt(p) = Wt(v). 
3. The involution 
The left hand side of (4) is the weight of the set 99(-l) X 89(-l). Thus, (4) 
can be proven by introducing a WPSR involution Q, on this set such that its fixed 
points can be identified with the multiset of partitions 
fi {T,VJ{(T,-7&k), (T,-T,k,,):Isk=r/2). 
n=O 
We shall define Q, so that its tixed points will consist of the pairs 
(a) (0,0); 
(b) (T,, 0) and (0, T,,), for n >O; and 
(c) (T?+,,,, Th) and (TB+~-~.~, L-l), for h ‘0. 
Note that the ‘gap’ between T2h+m,m and Th, that is, the missing parts, consists 
of the Franklin partition Tur,h so that (Tu,,,,, Th) can be identified with 
(Tzk+m - 7&k >. Similarly, (Tm-l+m, Th-J can be identified with ( Tul_-l+m- 
Tk,,,). 
Suppose (A, p) E 5%(-l) X 99(-l). To define ~(n, cl), we use the following 
notation. For 3c E 89, ;1= (A, > )c2 > - - -), let s = s(n) = lrZ1, so that & = smallest 
part of rl; if A = 0, A, = + ~0. Also, if A #fl, let f(n) = max{l} U {i: Ai = Ai_1 - 
l} = length of ‘first run’ in )c; if A = 0, f(n) = 0. 
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We define q(A, p) by cases. In Case 1, we apply the Franklin involution across 
the pair of partitions. 
Case l(a): m = A, <f(p). 
V(& P) = (A4 P”‘“) 
where Ad = il with its smallest part deleted; and p+m = ~1 with each of its m largest 
parts increased by 1. 
Case l(b): A, >f(p) and p not a triangular partition. 
(P(k, P) = (07 f(P))> P-9 
where p--f(p) = ~1 with each of the f(p) largest parts decreased by 1. 
Clearly, Cases l(a) and l(b) are inverses of each other and have sign reversals 
as desired. The pairs not cancelled by Case 1 consists of {(A, T,): 0 s h < A, =s 
+m}. 
Case2(a):s=land&a2h+3;ors>l, 3L,Sh+2and3L1S&+h+2. 
If h = 0 and A = (k + 2, k, k - 1, . . . ,2), then 
~44 G) = ((k + l), Th); 
in particular, 47((3), T,) = ((2) T,). 
Otherwise, 
qp(k Ti) = ((4 -h - 1, A-2, . . . , A,, h + 11, T,). 
Case 2(b): II, = h + 1 and J. not a triangular partition. 
Ifs > 1, then 
&, G) = ((A, + h + 1, &, . . . , LA T,). 
If s = 1, that is, 3L = (h + l), then 
&A, T,) = ((h + 2, h, h - 1, . . . , 2) T,). 
After considering Case 2, the pairs (A, T,) which have still not been cancelled 
consists of those for which 
(a) ), = 0 or il is a triangular partition; 
(b) s = 1, and h + 2 G A, s 2h + 2; or 
(c) s > 1, il, 3 h + 2 and A1 G A-, + h + 1. 
Case 3(a): 1 <f =f(n) = sand&f2h+3;orl<f<sand$~ilf,,+h+2. 
If f = s, let A’ = (Ai, . . . , Ai+J = (A,, . . . , Af-l, Af -h - 1, h + 1); or if f <s, 
let A’ = (A,, . . . , &, Af - h - 1, $+ 1, . . . , A,, h + 1). 
In either case, there exists a unique j such that a,! Z= ai+, + 2 and Al= a],, + 1 
forj+lciss. Let k=s+l-j; then 
Case3(b): f=f(A)=sandh+2S+S2h;orf<sand$.f$+1+h+1. 
Iff =sandh+2<& <2h, letj=$-h-1; hence, l<jSh-1. Then 
q(n, T,) = (&, . . . , 5, h + j, h - 1, . . . , j + l), q-i) 
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if)LfS2h-1;or 
q@, Ti) = ((4, f * * J 5, h + j), T,_J if 5 = 2h. 
If f<s and &+,+2~5 s Af+1 + h + 1, let j = A, - iE,,, - 1 so that 1 <j s h. 
Then 
QJ@, T,) = ((k, * * . , 5, $+I +i, ++a . . . , L h, . . * , i + 11, q-11. 
Finally, the pairs (A, T,) which have still not been cancelled are 
(a) ), = 0 or A is a triangular partition; 
(b) s =f and A, = 2h + 1, that is, A = Tul+S,S; and 
(c) s =f and Af = 2h + 2, that is, A = Tul+l+S,S. 
These are the desired fixed points for qx 
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